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Rxu sxusrvh lq wklv sdshu lv wr ghyhors d phwkrgrorj| iru lpsurylqj wkh hvwl0
pdwhv ri wkh ulvn suhpld +odpgd, fdofxodwhg mrlqwo| zlwk wkh dvvhw vhqvlwlylwlhv
+ehwd, xvlqj wkh PfHour| dqg Exuphlvwhu +4<;;, uhsuhvhqwdwlrq ri wkh Duelwudjh
Sulflqj Wkhru| +Urvv 4<:9, dv d uhvwulfwhg qrqolqhdu pxowlyduldwh uhjuhvvlrq
prgho xvlqj revhuyhg pdfurhfrqrplf ulvn idfwruv1
D vhulrxv glfxow| zlwk wkh PfHour| dqg Exuphlvwhu +4<;;, phwkrgrorj|
lv wkdw dv wkh qxpehu ri dvvhwv xvhg wr hvwlpdwh wkh prgho lv lqfuhdvhg/ wkhuh
pd| eh sureohpv lq ghqlqj wkh yduldqfh0fryduldqfh pdwul{ ri wkh hvwlpdwhg
sdudphwhu1 Pruhryhu/ lqfuhdvlqj wkh qxpehu ri dvvhwv pdnhv wkh hvwlpdwlrq
frpsxwdwlrqdoo| yhu| ghpdqglqj dv wkh yduldqfh0fryduldqfh pdwul{ ri wkh hv0
wlpdwhg sdudphwhu ehfrphv elj1 Lqghhg/ wkh odujhvw qxpehu ri vwrfnv xvhg lq
wkh DSW qrq0olqhdu hvwlpdwlrq olwhudwxuh lv ri wkh rughu ri :3 +PfHour| dqg
Exuphlvwhu 4<;;,1
Lq wklv sdshu/ zh uvw rewdlq d vlpsohu h{suhvvlrq iru wkh yduldqfh0fryduldqfh
pdwul{ ri wkh hvwlpdwhg sdudphwhu zklfk doorzv hdvlhu hvwlpdwlrq dqg whvwlqj
ri wkh ulvn suhplxp sdudphwhu1 Lq wkh hpslulfdoo| uhohydqw fdvh ri d odujh qxp0
ehu ri vwrfnv dqg d vpdoo qxpehu ri revhuydwlrqv/ zh xvh glhuhqw vdpsohv ri
vwrfnv wr hvwlpdwh wkh yhfwru ri wkh ulvn suhpld dqg frpelqh rxu glhuhqw hvwl0
pdwhv lq d zd| wkdw jlyhv d qdo lpsuryhg hvwlpdwh ri wkh ulvn suhplxp yhfwru1
Zh dovr ghulyh wkh yduldqfh0fryduldqfh pdwul{ ri wkh qdo hvwlpdwh ri wkh ulvn
suhplxp1 Rxu lpsuryhg hvwlpdwru fdq eh lqwhusuhwhg dv wkh %dv|pswrwlfdoo|
xqeldvhg plqlpxp yduldqfh sruwirolr% dprqj wkh vhw ri dydlodeoh hvwlpdwruv1
Zh dsso| wkh phwkrgrorj| wr XN gdwd/ xvlqj IWVH0683 dvvhwv dqg revhuyhg
pdfurhfrqrplf ulvn idfwruv1 Wklv h{whqgv h{lvwlqj uhvhdufk rq wkh DSW xvlqj
XN gdwd e| Dqwrqlrx/ Jduuhww dqg Sulhvwoh| +4<<;,/ zkr xvh glhuhqw vdpsohv
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ri XN vwrfnv dv zh gr/ wr duulyh dw glhuhqw hvwlpdwruv ri wkh ulvn suhplxp1
Rwkhu sdshuv wkdw frpsxwh XN ulvn suhpld edvhg rq d olqhdu idfwru prgho zklfk
vdwlvhv wkh DSW lqfoxgh Foduh dqg Wkrpdv +4<<7,/ Srrq dqg Wd|oru +4<<4,/
Ehhqvwrfn dqg Fkdq +4<;;, hwf1
Wkh sdshu lv rujdqlvhg dv iroorzv= Vhfwlrq 5 h{sodlqv wkh phwkrgrorj|/ vhf0
wlrq 6 glvfxvvhv wkh gdwd xvhg dqg suhvhqwv wkh hpslulfdo uhvxowv dqg vhfwlrq 7
frqfoxghv1 Vhfwlrq 8 lv dq dsshqgl{ zlwk pdwkhpdwlfdo surriv ri wkh sursrvl0
wlrqv zh ghyhors1
2 i|L_L*L})
Wkh PfHour| dqg Exuphlvwhu +4<;;, phwkrgrorj| lqyroyhv zulwlqj wkh DSW dv d
pxowlyduldwh qrq0olqhdu vhhplqjo| xquhodwhg uhjuhvvlrq prgho iru d vdpsoh Q ri
wkh xqlyhuvh q ri dvvhwv +Q  q,1 E| frqvlghulqj W wlph shulrgv/ wkh iroorzlqj
v|vwhp ri Q qrq0olqhdu uhjuhvvlrqv lv rewdlqhg=
u P +w,  Q +w, @
R[
S	T.U
e P S ^iS +w, .  S +w,` . h P +w,
zkhuh l @ 4> ===> Q> w @ 4> ===> W> m @ 4> ===>N> dqg ghqlwlrqv iroorz ehorz1
S +w, lv wkh ulvn suhplxp dvvrfldwhg zlwk wkh pdfurhfrqrplf idfwru m dqg lw lv
dvvxphg lqlwldoo| wkdw lw lv wlph0ydu|lqj1 Iru wkh sxusrvhv ri rxu hvwlpdwlrq zh
wuhdw lw dv frqvwdqw lq olqh zlwk PfHour| dqg Exuphlvwhu +4<;;,1 Zh fdq mxvwli|
wklv edvhg rq wkh fodlpv e| Frfkudqh +4<<<, dqg Fdpsehoo +4<<<, wkdw ryhu
orz gdwd iuhtxhqflhv yduldwlrq lq wkh ulvn suhplxp lv ri vhfrqgdu| lpsruwdqfh1
Uhzulwlqj wkh v|vwhp zh jhw=

P
@ u P   Q @
R[
ST.U
+ S l V . i S ,e P S . h P +4,
zkhuh l @ 4> ===> Q> l V lv d yhfwru ri W rqhv dqg wkh iroorzlqj W{4 yhfwruv duh
ghqhg=
u P @ +u P +4,> ===> u P +W ,, W l @ 4> ===> Q> d yhfwru ri dvvhw l*v uhwxuqv
 Q @ + Q +4,> ===>  Q +W ,, W d yhfwru ri d ulvn0iuhh dvvhw*v uhwxuqv
i S @ +iS +4,> ===> i S +W ,, W m @ 4> ===>N> d yhfwru ri uhdolvdwlrqv rq wkh
pdfurhfrqrplf ulvn idfwru m
h P @ +h P +4,> ===h P +W ,, W l @ 4> ===> Q> wkh huuru whup
Wkh ghshqghqw yduldeoh lq +4, lv wkh h{fhvv udwh ri uhwxuq zklfk uhtxluhv wkdw
 Q lv revhuyhg1 Htxdwlrq +4, lv uh0zulwwhq dv

P
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zkhuh l @ 4> ===> Q /  ghqrwhv d Nurqhfnhu surgxfw dqg
 @ + U > ===>  X , W lv d N{4 ulvn suhpld yhfwru/
I @ ^i U > ===> i X ` lv d W{N pdfurhfrqrplf ulvn idfwruv pdwul{/
e P @ +e P U > ===> e P R , W > l @ 4> ===> Q> dN{4 vhqvlwlylwlhv ri dvvhw uhwxuqv wr pdfurh0
frqrplf ulvn idfwruv yhfwru
[+, @ + W  l V , . I> lv d W{N pdwul{
E| ghqlwlrq wkh *v duh frpprq wr doo vhfxulwlhv wkdw lghqwli| wkhp1 Wkh
pdwul{ [+, lv lqyduldqw dfurvv vhfxulwlhv1 Li  zhuh nqrzq/ htxdwlrq +4, zrxog
eh d v|vwhp ri vhhplqjo| xquhodwhg olqhdu uhjuhvvlrqv> vlqfh  lv xqnqrzq zh
kdyh d v|vwhp ri vhhplqjo| xquhodwhg qrq0olqhdu uhjuhvvlrqv zlwk +Q4,N furvv0
htxdwlrqv uhvwulfwlrqv wkdw wkh *v duh wkh vdph iru hdfk ri wkh Q vhfxulwlhv1
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Zh dvvxph wkdw wkh W{N idfwru pdwul{ I / dv zhoo dv wkh Q{N vhqvlwlylwlhv
pdwul{ E @ ^e P S `/ duh ri ixoo froxpq udqn1 Zh dovr dvvxph wkdw W A Q A N dqg
wkdwQW A N+Q.4,/ wkh odvw frqglwlrq hqvxulqj wkdw wkh v|vwhp uhsuhvhqwhg e|
+6, kdv pruh htxdwlrqv wkdq xqnqrzqv1 Frqvhtxhqwo|/ wkh qhfhvvdu| frqglwlrqv
iru wkh QOVXU hvwlpdwruv wr h{lvw lv vdwlvhg dqg wkh Mdfreldq lq htxdwlrq +7,
lv ri ixoo froxpq udqn
M+ W > e W , 

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Wkh mrlqw hvwlpdwhv ri e dqg  +QOVXU hvwlpdwruv, fdq eh rewdlqhg lq wkuhh
vwhsv=
Vwhs 4= Hvwlpdwh +5, iru hdfk dvvhw e| ruglqdu| ohdvw vtxduhv1 Lq wklv vwhs
+ U > ===>  R , lv qrw lghqwlhg/ vr zh uhsodfh  W e P zlwk dq lqwhufhsw  P dqg iru hdfk
l @ 4> ===> Q vhohfw a P wr plqlplvh +
P
] P , W +
P
] P ,/ zkhuh  P @ +d P > e P U > ===> e P X ,
dqg ] @ ^l V > I `1 Wklv uvw vwhs frlqflghv zlwk wkh uvw vwhs lq wkh frpprq wzr0
vwhs surfhgxuhv ri Idpd dqg PfEhwk +4<:6,1 Wkh rxwsxw xvhg iurp wklv vwhs
lv qrw a P exw wkh uhvlgxdov1
6
Vwhs 5= Xvh wkh uhvlgxdo yhfwru ah P @ 
P
 ]a P iru l @ 4> ===> Q wr hvwlpdwh 	





Vwhs 6= Fkrrvh wkh qrqolqhdu vhhplqjo| xquhodwhg hvwlpdwru +a> ae, wr plq0
lplvh wkh txdgudwlf irup
T+> e> a	, @ i ^L Z [+,`ej W  +a	 [
U
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Wkhvh QOVXU hvwlpdwruv duh/ hyhq lq wkh devhqfh ri qrupdolw| ri wkh huuru
glvwulexwlrq/ vwurqjo| frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo +Jdoodqw 4<;:,/ dqg
wkh| irup wkh edvlv iru fodvvlfdo dv|pswrwlf k|srwkhvlv whvwlqj1 Ilqdoo|/ zlwk
vrph dgglwlrqdo uhjxodulw| frqglwlrqv jlyhq e| Jdoodqw +4<:8, lq wkh frqwh{w ri
qrq0olqhdu hvwlpdwlrq/
s
W ^+a W >ae W , + W > e W ,` lv dv|pswrwlfdoo| qrupdo zlwk phdq
}hur dqg fryduldqfh pdwul{ a [
U
zklfk lv frqvlvwhqwo| hvwlpdwhg e|
a @ W [
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Lq wkh PfHour| dqg Exuphlvwhu +4<;;, uhvwulfwhg vhhplqjo| xquhodwhg pxo0
wlyduldwh uhjuhvvlrq prgho ghvfulehg deryh/ wkhuh lv d wudgh0r ehwzhhq krz
pdq| wlph vhulhv revhuydwlrqv +W , dqg krz pdq| dvvhwv +Q, duh xvhg1 Wkhuh
duh sureohpv zlwk wkh fryduldqfh pdwul{ li Q A W 1 Krzhyhu/ iru vpdoo Q /
wkh ulvn suhpld zloo kdyh yhu| odujh vwdqgdug huuruv1 PfHour| dqg Exuphlvwhu
xvh W @ :5 dqg Q @ 83 lq prvw ri wkhlu dqdo|vhv1 Wkh| frqmhfwxuh wkdw wklv
uhsuhvhqwv d frpsurplvh ehwzhhq frpsxwdwlrqdo ihdvlelolw| dqg d vxflhqwo|
odujh vdpsoh iru dssur{lpdwho| ydolg dv|pswrwlf surshuwlhv1 Lqghhg/ wkhuh duh
frpsxwdwlrqdo sureohpv zkhq wkh qxpehu ri dvvhwv lv odujh/ ehfdxvh wkh ydul0
dqfh fryduldqfh pdwul{ ri wkh hvwlpdwhg sdudphwhu ehfrphv yhu| elj/ d sureohp
zklfk zh dgguhvv lq wklv sdshu1
Lq dq hruw wr ryhufrph wkhvh sureohpv/ zh ghyhors d vlpsohu h{suhvvlrq iru
wkh yduldqfh fryduldqfh pdwul{ ri wkh hvwlpdwhg ulvn suhpld1 Wkh vlpsolfdwlrq
ri wkh ulvn suhplxp yduldqfh0fryduldqfh pdwul{ doorzv xv hdvlhu hvwlpdwlrq dqg
whvwlqj ri wkh ulvn suhpld zkhq wkh qxpehu ri dvvhwv lv odujh1 Wklv idflolwdwhv
wkh hvwlpdwlrq ri wkh ulvn suhplxp sdudphwhu xvlqj glhuhqw vdpsohv ri vwrfnv/
zklfk fdq eh frpelqhg lq d qdo lpsuryhg hvwlpdwh ri wkh ulvn suhplxp sd0
udphwhu1 Zh dovr ghulyh wkh yduldqfh0fryduldqfh pdwul{ ri wklv qdo lpsuryhg
hvwlpdwh1
Zh frqvlghu d vhohfwlrq pdwul{ D P ri glphqvlrqp{Q / zklfk vhohfwvp vwrfnv
rxw ri wkh vdpsoh ri Q vwrfnv1 Zh ydu| wkh D pdwul{ s wlphv wr jhw s glhuhqw
vdpsohv ri vwrfnv zklfk zh xvh wr hvwlpdwh wkh ulvn suhpld1 Wkh h{suhvvlrq iru
wkh yduldqfh0fryduldqfh pdwul{ ri wkh ulvn suhplxp yhfwru hvwlpdwhg xvlqj wkh
vhohfwlrq pdwul{ D P lv jlyhq lq Sursrvlwlrq 4 ehorz zklfk lv ghulyhg ixoo| lq wkh
dsshqgl{1
Sursrvlwlrq 4 Wkh dv|pswrwlf yduldqfh0fryduldqfh pdwul{ ri wkh ulvn suhplxp
yhfwru hvwlpdwhg xvlqj wkh vhohfwlrq pdwul{ D P lv jlyhq e|
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Wkh h{suhvvlrq iru wkh dv|pswrwlf fryduldqfh ehwzhhq glhuhqw hvwlpdwhv ri
wkh yhfwru ri ulvn suhpld rewdlqhg xvlqj wzr glhuhqw vhohfwlrq pdwulfhv/ D P dqg
DS lv jlyhq lq Sursrvlwlrq 5/ dovr ixoo| ghulyhg lq wkh dsshqgl{1
Sursrvlwlrq 5 Wkh dv|pswrwlf fryduldqfh pdwul{ ehwzhhq wzr ulvn suhpld yhf0
wruv edvhg xsrq vhohfwlrq pdwulfhv D P dqg DS lv jlyhq e|
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zkhuh a \ ] lv wkh hvwlpdwh ri wkh ulvn suhplxp yhfwru rq wkh edvlv ri vwrfn
uhwxuqv vhohfwhg iurp wkh xqlyhuvh ri Q vwrfnv xvlqj wkh pdwul{ D P /  ^ lv wkh
wuxh ulvn suhplxp yhfwru/ dqg 	 \A] lv wkh yduldqfh0fryduldqfh pdwul{ ri wkh vwrfn
uhwxuqv vhohfwhg e| wkh D P pdwul{1
Zh hvwlpdwh wkh ulvn suhplxp yhfwru xvlqj glhuhqw udqgrp vdpsohv ri
vwrfnv iurp wkh IWVH06831 Zh frpelqh rxu hvwlpdwhv wr jhw wkh zhljkwhg
dyhudjh %plqlpxp0yduldqfh% hvwlpdwh ri wkh ulvn suhplxp yhfwru ghqrwhg e|
a ^ +N{4,1 Iru hdfk pdfurhfrqrplf ulvn idfwru m> m @ 4> ===>N> dqg vxemhfw wr wkh
frqvwudlqw wkdw wkh zhljkwv vxp wr 4/ wkh vhw ri zhljkwv zS +N{4, wkdw plqlplvh










zkhuh V S +N{N, lv wkh yduldqfh0fryduldqfh pdwul{ ri wkh ulvn suhpld hv0
wlpdwhg ryhu doo vdpsohv dqg dvvrfldwhg zlwk wkh mwk pdfurhfrqrplf ulvn idf0
wru dqg h +N{4, lv d yhfwru ri rqhv1 Wkhq wkh h{suhvvlrq
s
W +a ^   ^ , lv
frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo dqg lwv dv|pswrwlf yduldqfh lv jlyhq e|








Wkh h{suhvvlrq iru V S fdq eh rewdlqhg e| frpelqlqj wkh uhohydqw eorfnv ri
wkh pdwulfhv lq Sursrvlwlrqv 4 dqg 5 dqg lv jlyhq ehorz lq Uhpdun 6 iru irxu
vhohfwlrq pdwulfhv D U > D Y > D ` dqg D a fruuhvsrqglqj wr hdfk ri wkh irxu vdpsohv
ri vwrfnv zh xvh lq wklv vwxg|1
Uhpdun 6 Wkh yduldqfh0fryduldqfh pdwul{ ri ulvn suhpld hvwlpdwhg ryhu doo
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zkhuh ^m> m` lqglfdwhv wkh hohphqw wkdw olhv dw wkh lqwhuvhfwlrq ri wkh mwk urz
dqg mwk froxpq ri d pdwul{1
Iru h{dpsoh/ li zh frqvlghu wkh %xqh{shfwhg0vkliwv0lq0wkh0whup0vwuxfwxuh%
ulvn idfwru/ wkh dvvrfldwhg pdwul{ V S zloo frpsulvh rq wkh pdlq gldjrqdo wkh
yduldqfhv ri wkh whup vwuxfwxuh ulvn suhpld fdofxodwhg xvlqj hdfk ri wkh udq0
grp vdpsohv ri vwrfnv1 Wkh hohphqwv r wkh pdlq gldjrqdo zloo wkhq eh wkh
fryduldqfhv ri wkhvh ulvn suhpld1
 #@|@ _itUhT|L? @?_ hit*|t
Gdwd rq wrwdo prqwko| orjdulwkplf uhwxuqv iru XN vwrfnv duh rewdlqhg iurp
Gdwdvwuhdp1 Rxu vdpsoh vsdqv d shulrg ri whq |hduv/ vwduwlqj iurp wkh hqg ri
Rfwrehu 4<;; xqwlo wkh hqg ri Vhswhpehu 4<<;1 Diwhu wkh DULPD prghoolqj wr
jhqhudwh lqqrydwlrqv lq wkh ulvn idfwruv W htxdov 43;1 Wkh vdpsoh frpsulvhv 99
vwrfnv iurp IWVH433 dqg 479 vwrfnv iurp IWVH583 rq zklfk gdwd duh dydlodeoh
wkurxjkrxw wkh vdpsoh shulrg1 Zh xvhg rqo| wkh 83 vpdoohvw vwrfnv +rq wkh edvlv
ri pdunhw fdslwdolvdwlrq dw wkh ehjlqqlqj ri wkh vdpsoh shulrg, lq wkh IWVH433
lq dq hruw wr lvrodwh wkh orfdo ulvn suhplxp hhfwv/ dv odujhvw vwrfnv whqg wr
eh vwrfnv ri pxowlqdwlrqdo frpsdqlhv wkdw duh lqxhqfhg vljqlfdqwo| e| joredo
idfwruv1 Lq wrwdo/ 4<9 vwrfnv zhuh xvhg wr irup irxu udqgrp vdpsohv/ wkuhh
frpsulvlqj 83 vwrfnv dqg rqh frpsulvlqj 79 vwrfnv1 Lq olqh zlwk PfHour| dqg
Exuphlvwhu +4<;;,/ wkh xvh ri Q @ 83 lv ghhphg wr eh uhdvrqdeoh iru dv|pswrwlf
surshuwlhv wr eh dssur{lpdwho| ydolg1 Wklv dvvhuwlrq/ krzhyhu/ qhhgv wr eh
ydolgdwhg1 Wkh hvwlpdwhv ri wkh ulvn suhpld iru hdfk vdpsoh zhuh wkhq frpelqhg
wr rewdlq dq lpsuryhg hvwlpdwh ri wkh ulvn suhplxp yhfwru1
Rxu xvh ri vhyhudo revhuyhg pdfurhfrqrplf ulvn idfwruv wr h{sodlq dvvhw
uhwxuqv fdq eh mxvwlhg e| wkh qhzhvw jhqhudwlrq ri hpslulfdo uhvhdufk/ zklfk
kdv uhylvhg wkh vlpsoh ylhz ri wkh lqyhvwphqw zruog wkdw h{shfwhg uhwxuqv fdq
eh h{sodlqhg vroho| e| wkhlu whqghqf| wr pryh zlwk wkh pdunhw dv d zkroh1
Dv vxppdulvhg e| Frfkudqh +4<<<, zh qrz nqrz wkdw wkhuh duh dvvhwv zkrvh
dyhudjh uhwxuqv fdqqrw eh h{sodlqhg e| wkhlu ehwd1 Udwkhu/ pxowlidfwru prghov
grplqdwh wkh ghvfulswlrq/ shuirupdqfh dwwulexwlrq dqg h{sodqdwlrq ri dyhudjh
uhwxuqv1 Vxfk prghov dvvrfldwh kljk dyhudjh uhwxuqv zlwk d whqghqf| wr pryh
zlwk dgglwlrqdo ulvn idfwruv udwkhu wkdq rqo| wr pryhphqwv lq wkh pdunhw dv d
zkroh1 Lq idfw/ dvvhw sulflqj wkhru| uhfrjqlvhg dw ohdvw vlqfh Phuwrq +4<:4d/e,
wkh wkhruhwlfdo srvvlelolw| wkdw zh vkrxog qhhg idfwruv/ vwdwh yduldeohv ru vrxufhv
ri sulfhg ulvn/ eh|rqg pryhphqwv lq wkh pdunhw sruwirolr lq rughu wr h{sodlq
zk| vrph dyhudjh uhwxuqv duh kljkhu wkdq rwkhuv1
Rqh ri wkh hduolhvw h{dpsohv ri wkh dqdo|vlv dsso|lqj suhvshflhg pdfurh0
frqrplf ulvnv lq wkh DSW lv wkh sdshu e| Fkhq hw do1 +4<;9, dqdo|vlqj wkh
sulflqj ri vxfk idfwruv lq wkh XV pdunhw1 Uhfrjqlvlqj wkh delolw| ri lqyhvwruv wr
glyhuvli| dqg wkh fr0pryhphqwv ri dvvhw sulfhv/ wkh dxwkruv vxjjhvw wkh suhvhqfh
ri shuydvlyh ru v|vwhpdwlf lqxhqfhv dv wkh olnho| vrxufh ri lqyhvwphqw ulvn1 Wr
9
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dqg lw iroorzv wkdw wkh v|vwhpdwlf irufhv wkdw lqxhqfh uhwxuqv duh wkrvh wkdw
fkdqjh wkh glvfrxqw idfwru n dqg wkh h{shfwhg fdvk rzv H+f,1
Wkh glvfrxqw udwh lv dq dyhudjh ri udwhv ryhu wlph dqg dovr ghshqgv rq wkh ulvn
suhplxp1 Lw fkdqjhv zlwk erwk wkh ohyho ri udwhv dqg wkh whup0vwuxfwxuh vsuhdgv
dfurvv glhuhqw pdwxulwlhv vr wkdw xqdqwlflsdwhg fkdqjhv lq wkh ulvnohvv lqwhuhvw
udwh zloo lqxhqfh sulflqj/ dqg wkurxjk wkhlu lqxhqfh rq wkh wlph ydoxh ri ixwxuh
fdvk rzv zloo lqxhqfh uhwxuqv1 Xqdqwlflsdwhg fkdqjhv lq wkh ulvn suhplxp
zloo dovr lqxhqfh uhwxuqv1 Rq wkh ghpdqg vlgh/ fkdqjhv lq wkh lqgluhfw pdujlqdo
xwlolw| ri uhdo zhdowk/ shukdsv dv phdvxuhg e| uhdo frqvxpswlrq fkdqjhv/ zloo
lqxhqfh sulflqj dqg zloo dovr vkrz xs dv xqdqwlflsdwhg fkdqjhv lq ulvn suhpld1
H{shfwhg fdvk rzv fkdqjh ehfdxvh ri erwk uhdo dqg qrplqdo irufhv1 Fkdqjhv
lq wkh h{shfwhg udwh ri lqdwlrq zrxog lqxhqfh qrplqdo h{shfwhg fdvk rzv dv
zhoo dv wkh qrplqdo udwh ri lqwhuhvw1 Wr wkh h{whqw wkdw sulflqj lv grqh lq uhdo
whupv/ xqdqwlflsdwhg sulfh0ohyho fkdqjhv zloo kdyh d v|vwhpdwlf hhfw/ dqg wr wkh
h{whqw wkdw uhodwlyh sulfhv fkdqjh dorqj zlwk jhqhudo lqdwlrq/ wkhuh fdq dovr
eh d fkdqjh lq dvvhw ydoxdwlrq dvvrfldwhg zlwk fkdqjhv lq wkh dyhudjh lqdwlrq
udwh1 Ilqdoo|/ fkdqjhv lq wkh h{shfwhg ohyho ri uhdo surgxfwlrq zrxog dhfw wkh
fxuuhqw uhdo ydoxh ri fdvk rzv1 Lqvridu dv wkh ulvn suhplxp grhv qrw fdswxuh
lqgxvwuldo surgxfwlrq xqfhuwdlqw|/ lqqrydwlrqv lq wkh udwh ri surgxfwlyh dfwlylw|
vkrxog kdyh dq lqxhqfh rq vwrfn uhwxuqv wkurxjk wkhlu hhfw rq fdvk rzv1
Fkhq/ Uroo dqg Urvv qg wkdw wkh iroorzlqj vrxufhv ri ulvn duh vljqlfdqwo|
sulfhg lq wkh XV pdunhw=
41 Ulvn vwhpplqj iurp xqdqwlflsdwhg fkdqjhv lq wkh h{shfwhg ohyho ri uhdo
surgxfwlrq +uhhfwlqj wkh fkdqjlqj vwdwh ri wkh hfrqrp|,1
51 Ulvn vwhpplqj iurp xqdqwlflsdwhg vkliwv lq wkh vkdsh ri wkh whup vwuxf0
wxuh1
61 Ulvn vwhpplqj iurp fkdqjhv lq ghidxow suhplxpv/ dqg vrphzkdw pruh
zhdno|/
71 Ulvn vwhpplqj iurp xqh{shfwhg lqdwlrq dqg fkdqjhv lq h{shfwhg lqd0
wlrq/ zkhq wkhvh yduldeohv zhuh kljko| yrodwloh1
E| frqwudvw/ ulvnv vwhpplqj iurp xqdqwlflsdwhg fkdqjhv lq wkh pdunhw sruw0
irolr/ djjuhjdwh frqvxpswlrq dqg rlo sulfhv duh qrw sulfhg1
Wkh fkrlfh ri fdqglgdwh pdfurhfrqrplf idfwruv lq wklv vwxg| lv odujho| lq0
vsluhg e| Fkhq/ Uroo dqg Urvv +4<;9, dqg lv d vxevhw ri wkh idfwruv suhvhqwhg
:
lq Dqwrqlrx hw do1 +4<<;,1 Doo gdwd iru phdvxulqj wkh pdfurhfrqrplf idfwruv
duh rewdlqhg iurp Gdwdvwuhdp1 Wkh fruuhodwlrq sdwwhuqv lq idfwruv gr qrw vhhp
odujh hqrxjk wr srvlw d sureohp lq wkh hfrqrphwulf hvwlpdwlrq1 Dsduw iurp
vsdqqlqj wkh vsdfh ri uhwxuqv/ wkh prvw lpsruwdqw surshuw| uhtxluhg ri dssur0
suldwh idfwru phdvxuhv lv wkdw wkh| fdqqrw eh suhglfwdeoh iurp wkhlu rzq sdvw1
Fkhq/ Uroo dqg Urvv +4<;9, uho| rq wkh idfw wkdw ehfdxvh wkh idfwru phdvxuhv
xvhg duh ghqhg lq uvw glhuhqfhv/ wkh| fdq eh hpsor|hg dv lqqrydwlrqv zlwkrxw
dowhudwlrq1 Wkh| vwdwh wkdw rqh frxog lghqwli| d yhfwru dxwruhjuhvvlrq prgho lq
dq dwwhpsw wr xvh lwv uhvlgxdov dv wkh xqdqwlflsdwhg lqqrydwlrqv lq wkh hfrqrplf
idfwruv/ exw wkdw zrxog eh dqwlwkhwlfdo wr wkh vslulw ri wkhlu lqyhvwljdwlrq1 Krz0
hyhu/ zkhq fdofxodwlqj dxwrfruuhodwlrqv iru wkh pdfurhfrqrplf idfwruv ryhu wkhlu
hqwluh vdpsoh shulrg/ Fkhq/ Uroo dqg Urvv +4<;9, irxqg wkdw wkh idfwruv jhq0
hudoo| glvsod| plog dxwrfruuhodwlrqv1 Wkh dxwrfruuhodwlrq lq wkh vwdwh yduldeohv
lpsolhv wkh h{lvwhqfh ri dq huuruv0lq0yduldeohv sureohp wkdw eldvhv hvwlpdwhv ri
wkh ordglqjv ri wkh vwrfn uhwxuqv rq wkhvh yduldeohv dqg dovr eldvhv grzqzdug
hvwlpdwhv ri vwdwlvwlfdo vljqlfdqfh1
Iru wklv uhdvrq/ wkh phwkrgrorj| xvhg e| FUU +4<;9, zdv fulwlflvhg e| Srrq
dqg Wd|oru +4<<4,/ zkr suh0zklwhq doo vhulhv wr pdnh vxuh wkdw rqo| wkh xqh{0
shfwhg frpsrqhqwv duh dqdo|vhg/ dv idloxuh wr dghtxdwho| owhu wkh ydulrxv vhulhv
pd| fuhdwh d vsxulrxv uhodwlrqvkls dqg lqwurgxfh dq huuruv0lq0yduldeohv sureohp1
Wkh suh0zklwhqlqj surfhvv lv fduulhg rxw e| wwlqj d xqlyduldwh DULPD prgho
wr hdfk vhulhv1
Foduh dqg Wkrpdv +4<<7, dovr frqmhfwxuh wkdw iurp wkh dxwrfruuhodwlrqv
surshuwlhv ri FUU*v vxusulvhv lw lv hylghqw wkdw wkhuh lv kljko| vljqlfdqw odjjhg
lqirupdwlrq rplwwhg iurp wkh jhqhudwlrq ri wkhlu lqqrydwlrqv/ zklfk lv qrw frq0
vlvwhqw zlwk wkh lqwhusuhwdwlrq ri wkhvh yduldeohv dv %vxusulvhv%1 Wkh| dovr suhihu
wr xvh vlqjoh htxdwlrq dxwruhjuhvvlyh prghov zlwk d fduhixo h{dplqdwlrq ri uhvlg0
xdov dqg prgho vwdelolw| wr hqvxuh qr v|vwhpdwlf huuruv duh suhvhqw zkhuhyhu
srvvleoh1
Wr dyrlg wkh sureohpv fdxvhg e| wkh srwhqwldo suhvhqfh ri dxwrfruuhodwlrq
lq wkh yduldeohv/ vlpsoh DULPD prghov zhuh wwhg wr suh0zklwhq wkh vhulhv1
Lw kdv wr eh qrwhg/ krzhyhu/ wkdw dowkrxjk wklv surfhgxuh lv ghvljqhg wr dyrlg
vsxulrxv fruuhodwlrq/ lw fduulhv d gdqjhu ri srvvleoh plvvshflfdwlrq1 Jlyhq qlwh
vdpsohv/ wkh wwhg DULPD prghov fdq rqo| eh dssur{lpdwlrqv wr wkh wuxh gdwd
jhqhudwlqj surfhvv1 Wkh phdvxuhphqw ri wkh ulvn idfwruv xvhg lq rxu vwxg| lv
h{sodlqhg ehorz1
 W?_t|h@* ThL_U|L?
Lq olqh zlwk Fkhq/ Uroo dqg Urvv/ zh xvh wkh prqwko| jurzwk udwh lq lqgxvwuldo
surgxfwlrq wr fdswxuh wkh hhfw ri wkh surgxfwlrq ulvn idfwru1 Wklv lv ghqhg
dv=
PS +w, @ oq LS +w, oq LS +w 4,
;
zkhuh LS ghqrwhv lqgxvwuldo surgxfwlrq1 Zh xvh wkh XNLQSURGJ vhulhv
ghqhg dv wkh *XN lqgxvwuldo surgxfwlrq 0 wrwdo surgxfwlrq yroq*1 Dq DU+4,
prgho zdv xvhg wr ghulyh wkh lqqrydwlrqv lq lqgxvwuldo surgxfwlrq1
Hyhq li qr frpsohwh wkhruhwlfdo irxqgdwlrqv kdyh ehhq ghyhorshg iru wkh
vljqv ri wkh ulvn suhpld fruuhvsrqglqj wr hdfk pdfurhfrqrplf ulvn idfwru/ vrph
sursrvlwlrqv fdq vwloo eh pdgh edvhg rq hfrqrplfv1 FUU +4<;9, qg d srvlwlyh
vljq iru wkh ulvn suhplxp ri wkhPS yduldeoh zlwk XV gdwd dqg wkh| dujxh wkdw lw
uhhfwv wkh ydoxh ri lqvxulqj djdlqvw uhdo v|vwhpdwlf surgxfwlrq ulvnv1 Krzhyhu/
Dqwrqlrx hw do1 +4<<;, qg d qhjdwlyh ydoxh
U
iru wkh XN1 Lw lv txlwh olnho| wkdw
d ghwdlohg lqyhvwljdwlrq lqwr wkh ghfolqh ri XN pdqxidfwxulqj uhodwlyh wr wkh XV
frxog h{sodlq hpslulfdoo| dqg srvvleo| wkhruhwlfdoo| zk| wkh ulvn suhpld frxog
fkdqjh vljq1
2 W?@|L?
Zh xvh wkh glhuhqfh lq wkh orjdulwkp ri wkh frqvxphu sulfh lqgh{ +FSL, wr
fdswxuh wkh hhfw ri wkh lqdwlrq idfwru/ dv iroorzv=
LU+w, @ oqFSL+w, oqFSL+w 4,
Zh xvh wkh vhulhv XNUS1111I ghqhg dv wkh *XN Uhwdlo Sulfh Lqgh{ QDGM*1
Dq DUPD prgho zdv xvhg wr ghulyh wkh xqh{shfwhg frpsrqhqw ri wklv vhulhv1
Fkhq/ Uroo dqg Urvv +4<;9, dqg rwkhu vwxglhv xvh d phdvxuh ri xqh{shfwhg
lqdwlrq fdofxodwhg dv wkh glhuhqfh ehwzhhq wkh uhdolvhg lqdwlrq udwh dqg wkh
lqdwlrq iru wkh shulrg h{shfwhg dw wkh ehjlqqlqj ri wkh shulrg1 Wkh frqvwuxf0
wlrq ri wkh h{shfwhg lqdwlrq vhulhv lv lwvhoi d vljqlfdqw wdvn wkdw zdv fduulhg
rxw e| Idpd dqg Jleerqv +4<;7,1 Dqrwkhu lqdwlrq yduldeoh wkdw lv xqdqwlfl0
sdwhg dqg wkdw pljkw kdyh dq lqxhqfh vhsdudeoh iurp xqh{shfwhg lqdwlrq lv
wkh fkdqjh lq h{shfwhg lqdwlrq1 Wklv vhulhv kdv dovr ehhq xvhg lq wkh olwhudwxuh1
Wkh vljq ri wkh ulvn suhplxp fruuhvsrqglqj wr wkh LU yduldeoh pd| eh
dpeljxrxv ehfdxvh ri wkh idfw wkdw fkdqjhv lq lqdwlrq jhqhudoo| vkliw zhdowk
dprqj lqyhvwruv1 Lq wkh olwhudwxuh/ FUU+4<;9, qg d qhjdwlyh ulvn suhplxp
iru xqh{shfwhg lqdwlrq1 Wkh| lqwhusuhw wklv qglqj dv hylghqfh wkdw ryhu wkhlu
vdpsoh shulrg XV vwrfnv frqvlwxwhg d khgjh djdlqvw wkh dgyhuvh lqxhqfh rq
lqdwlrq rq rwkhu dvvhwv zlwk uhodwlyho| pruh {hg qrplqdo uhwxuqv1 Rq wkh
rwkhu kdqg/ Foduh dqg Wkrpdv +4<<7, qg wkdw lq wkh XN wkh lqdwlrq ulvn
suhplxp lv srvlwlyh/ vr wkdw XN vwrfnv zhuh qrw frqvlghuhg wr eh d khgjh
djdlqvw lqdwlrq ryhu wkhlu vdpsoh shulrg1
f1g
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 @h!i| ht! Thi44
Wr fdswxuh wkh hhfw ri wkh pdunhw ulvn suhplxp idfwru/ zh xvh wkh glhuhqfh lq
wkh uhwxuqv rq wkh htxlw| pdunhw +HP, dqg wkh jryhuqphqw erqg pdunhw +EP,
lq olqh zlwk wkh ghqlwlrq ri wkh ulvn suhplxp lq Gdwdvwuhdp=
US +w, @ ^oqHP+w, oqHP+w 4,` ^oqEP+w, oqEP+w 4,`
Zh xvh wkh IWDOOVK+UL, vhulhv ghqhg dv wkh *IWVH Doo Vkduh 0 Wrwdo
Uhwxuq Lqgh{* dqg wkh vhulhv IWDJRYW+UL, ghqhg dv wkh *IWD Jryhuqphqw
Doo Vwrfnv 0 Wrwdo Uhwxuq Lqgh{*1 Dq DU+4, prgho zdv xvhg wr ghulyh wkh
lqqrydwlrqv lq wklv vhulhv1
Wkh pdunhw ulvn suhplxp yduldeoh lv h{shfwhg wr fduu| d srvlwlyh ulvn suh0
plxp wr uhhfw wkh idfw wkdw lqyhvwruv zrxog zdqw wr khgjh djdlqvw xqh{shfwhg
lqfuhdvhv lq wkh djjuhjdwh pdunhw ulvn suhplxp dv d uhvxow ri dq lqfuhdvh lq
xqfhuwdlqw|1 Lqghhg/ Fkhq/ Uroo dqg Urvv +4<;9, dqg Foduh dqg Wkrpdv +4<<7,
qg vljqlfdqwo| srvlwlyh ulvn suhpld lq XV dqg XN uhvshfwlyho|1 Dqwrqlrx hw
do1 +4<;3, dovr qg wkdw wkh sulfh ri ulvn uhodwhg wr h{fhvv uhwxuqv rq wkh XN
vwrfn pdunhw lv srvlwlyh dqg vljqlfdqw1
e Aih4 t|hU|hi
Wr fdswxuh wkh hhfw ri xqdqwlflsdwhg vkliwv lq wkh whup vwuxfwxuh/ lq olqh zlwk
wkh dssurdfk iroorzhg lq wkh olwhudwxuh/ zh xvh wkh vsuhdg ehwzhhq orqj0whup
+OWU, dqg vkruw0whup lqwhuhvw udwhv +VWU,=
WV+w, @ OWU+w, VWU+w,
Zh xvh wkh uvw glhuhqfh lq wkh orjdulwkp ri wkh vhulhv EPXN63\+UL,
ghqhg dv wkh *XN Ehqfkpdun 63 \hdu GV Jryhuqphqw Lqgh{ 0 Wrwdo Uhwxuq
Lqgh{* dqg wkh vhulhv OGQWE6P ghqhg dv wkh *XN Wuhdvxu| Eloo Glvfrxqw
6 prqwk 0 Plggoh Udwh*1 Wkh WV+w, vhulhv dsshduv xqfruuhodwhg vr lw fdq eh
hpsor|hg gluhfwo| lq wkh hfrqrphwulf hvwlpdwlrq1
Wkh ulvn suhplxp dvvrfldwhg zlwk wkh whup vwuxfwxuh yduldeoh pd| dovr eh
dpeljxrxv lq vljq1 FUU qg d qhjdwlyh ulvn suhplxp lqglfdwlqj wkdw vwrfnv
zkrvh uhwxuqv duh lqyhuvho| uhodwhg wr lqfuhdvhv lq orqj udwhv ryhu vkruw udwhv
duh/ fhwhulv sdulexv/ pruh ydoxdeoh1 Wkh| dujxh wkdw rqh zd| wr lqwhusuhw wkhvh
uhvxowv lv wkdw wkh WV yduldeoh phdvxuhv d fkdqjh lq wkh orqj0whup uhdo udwh ri
lqwhuhvw/ kdylqj dffrxqwhg iru wkh hhfw ri lqdwlrq lq wkh LU yduldeoh1 Zkhq
orqj0whup uhdo udwhv ghfuhdvh wkhuh lv d orzhu uhdo uhwxuq rq dq| irup ri fdslwdo/
vr lqyhvwruv zkr zdqw wr khgjh djdlqvw wklv srvvlelolw| zloo sodfh d uhodwlyho|
kljkhu ydoxh rq dvvhwv zkrvh sulfh lqfuhdvhv zkhq orqj0whup uhdo udwhv ghfolqh/
dqg vxfk dvvhwv zloo fduu| d qhjdwlyh ulvn suhplxp1 PfHour| dqg Exuphlvwhu
+4<;;, qg d srvlwlyh ulvn suhplxp iru wkh WV yduldeoh xvlqj XV gdwd zkloh
Foduh dqg Wkrpdv +4<<7, qg wkdw wkh WV yduldeoh zdv qrw vljqlfdqw lq wkh
XN pdunhw ryhu wkhlu vdpsoh shulrg1
43
Vdpsoh phdqv/ vwdqgdug ghyldwlrqv dqg fruuhodwlrqv ehwzhhq wkh pdfurhfr0
qrplf idfwruv duh vkrzq lq Wdeohv 4 dqg 51 Doo wdeohv dsshdu dw wkh hqg ri wkh
sdshu1
Wkh glhuhqw hvwlpdwhv ri wkh ulvn suhplxp yhfwru/ wkh frpelqhg lpsuryhg
hvwlpdwh dqg wkhlu w0vwdwlvwlfv duh vkrzq lq Wdeoh 6 ehorz1 Ixoo uhvxowv iurp rxu
hvwlpdwlrqv zlwk wkh vhqvlwlylwlhv dqg ixoo yduldqfh0fryduldqfh dqg fruuhodwlrq
pdwulfhv duh uhsruwhg lq wkh dsshqgl{1 Lw lv hylghqw iurp Wdeoh 6 wkdw wkh ulvn
suhpld duh qrw frqvlvwhqwo| hvwlpdwhg dfurvv vdpsohv/ lq wkh vhqvh wkdw lq vrph
fdvhv erwk wkhlu vljqv dqg vwdwlvwlfdo vljqlfdqfh glhu1 Wklv lqfrqvlvwhqf| kdv
dovr ehhq grfxphqwhg lq Dqwrqlrx hw do1 +4<<;,1 Qhyhuwkhohvv/ frqvlghulqj
wkh hvwlpdwhv rewdlqhg iurp wkh irxu udqgrp vdpsohv/ prvw ri wkh ulvn suhpld
dsshdu wr eh vljqlfdqw1 Krzhyhu/ frqvlghulqj wkh plqlpxp0yduldqfh hvwlpdwh/
rqo| wkh lqdwlrq ulvn suhplxp dsshduv wr eh vljqlfdqw1 Wkh surgxfwlrq/
pdunhw ulvn suhplxp dqg whup vwuxfwxuh ulvn suhpld dsshdu wr eh lqvljqlfdqw
ghvslwh wkh idfw wkdw lq wkh lqglylgxdo vdpsohv wkh| dsshdu wr eh vljqlfdqw
prvw ri wkh wlph1 Wkh plqlpxp0yduldqfh hvwlpdwh doo ulvn suhpld dsshdu wr
kdyh sodxvleoh vljqv hyhq li wklv zdv qrw wkh fdvh lq hdfk ri wkh lqglylgxdo
hvwlpdwhv1
Wklv skhqrphqrq lv gxh wr wkh idfw wkdw wkh ulvn suhpld dsshdu zlwk glhu0
hqw vljqv dfurvv wkh vdpsohv/ vr zkhq wkh| duh zhljkwhg wr rewdlq wkh plqlpxp
yduldqfh hvwlpdwh/ wkh| whqg wrzdugv }hur1 Wr h{dplqh wkh ydolglw| ri wklv
kxsrwkhvlv/ zh uhshdwhg wkh vdph h{huflvh ri frpelqlqj rxu hvwlpdwhv frqvlghu0
lqj rqo| vdpsohv 5 dqg 7 lq zklfk wkh ulvn suhpld kdyh frqvlvwhqw vljqv1 Ehfdxvh
zh h{shfw wkh surgxfwlrq ulvn wr fduu| d srvlwlyh ulvn suhplxp zh xvh wkh rqh
hvwlpdwhg xvlqj vdpsoh 61 Wkh uhvxowv ri wklv h{huflvh dsshdu lq Wdeoh 7 ehorz1
Lq wklv fdvh/ wkh plqlpxp yduldqfh ulvn suhpld dsshdu odujhu lq pdjqlwxgh dqg
wkh| duh doo vwdwlvwlfdoo| vljqlfdqw1 Hyhq li zh dgmxvw wkh ulvn suhpld e| dgglqj
edfn wkh frqvwdqw idfwru phdqv iurp Wdeoh 5/ qrqh ri wkh vljqv duh fkdqjhg1
e L?U*tL?t
Lw lv zhoo0nqrzq wkdw wkh hvwlpdwlrq ri wkh DSW xvlqj qrq0olqhdu phwkrgv lv
glfxow iru qxphulfdo uhdvrqv/ vr wkdw lw lv kdug wr frpelqh pruh wkdq derxw 83
vwrfnv1 Dqwrqlrx hw do1 +4<<;, kdyh suhvhqwhg d udqjh ri XN hvwlpdwhv ri ulvn
suhpld edvhg rq glhuhqw vdpsohv1
Rxu frqwulexwlrq lv wr ghulyh uhvxowv iru wkh dv|pswrwlf fryduldqfh pdwul{
ri d vhw ri hvwlpdwruv ri wkh ulvn suhplxp edvhg rq glhuhqw vdpsohv ri vwrfnv1
Wkhvh duh jlyhq lq Sursrvlwlrqv 4 dqg 51
Duphg zlwk wklv lqirupdwlrq zh fdq wkhq frpelqh wkh glhuhqw hvwlpdwhv
ri wkh ulvn suhpld wr frqvwuxfw d ehwwhu hvwlpdwru/ lq wkh vhqvh wkdw lw zloo
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kdyh plqlpxp0yduldqfh dprqj wkh fodvv ri dydlodeoh %frqvlvwhqw hvwlpdwruv%
lh1 wkrvh frpelqdwlrqv zkrvh zhljkwv dgg wr rqh1 Jrrg frpelqdwlrqv rqo|
rffxu li zh xvh lqirupdwlrq derxw wkh vljqv ri wkh dvvrfldwhg idfwru ulvn suhpld1
D TTi?_ 
Rxu xowlpdwh sxusrvh lv wr frpelqh glhuhqw hvwlpdwhv ri wkh ulvn suhpld wr
rewdlq dq lpsuryhg hvwlpdwh1 Wr idflolwdwh wklv wdvn zh qg d vlpsohu h{suhvvlrq
iru wkh yduldqfh0fryduldqfh pdwul{ ri wkh hvwlpdwhg sdudphwhu lq hdfk ri wkh
vdpsohv1 Lq sduwlfxodu/ zh duh pdlqo| lqwhuhvwhg lq wkdw eorfn ri wkh hvwlpdwhg
sdudphwhu yduldqfh0fryduldqfh pdwul{ zklfk uhihuv wr wkh ulvn suhpld1 Zh uhshdw
vrph ri wkh ghqlwlrqv wr pdnh wkh dsshqgl{ pruh vhoi0frqwdlqhg1
Wkh PfHour| dqg Exuphlvwhu +4<;;, uhfdvw ri wkh DSW dv d uhvwulfwhg qrq0
olqhdu pxowlyduldwh uhjuhvvlrq prgho lv=
 @ ^L Z [+,`e. h h  +3>	 L V , +9,
dqg [+, @ + W  l V , . I
zkhuh  lv QW{4
L Z lv Q{Q
L V lv W{W
[+, lv W{N> khuhrq vxssuhvvhg wr [ wr vlpsoli| wkh pdwkhpdwlfdo h{srvl0
wlrq
e @ yhf+E, zkhuh E lv Q{N
 lv N{4
Zh frqvlghu d vhohfwlrq pdwul{ D P ri glphqvlrqp{Q / zklfk vhohfwvp vwrfnv
rxw ri wkh xqlyhuvh ri Q vwrfnv1 Zh ydu| wkh D pdwul{ s wlphv wr jhw s glhuhqw
vdpsohv ri vwrfnv zklfk zh xvh wr hvwlpdwh wkh ulvn suhpld1
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 L V , dqg 	 \ ] @ D P 	D P dqg
lv ri glphqvlrq p{p
	 khuh uhihuv wr wkh yduldqfh0fryduldqfh pdwul{ ri dooQ vwrfnv lq wkh xqlyhuvh1
Uh0zulwlqj wkh h{suhvvlrq deryh zh jhw=
h \ ] @ 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[,e +:,
zkhuh h \ ] lv ri glphqvlrq pW{4






/ zkhuh  lv ri glphqvlrq +N .QN,{41
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Wkh uvw ghulydwlyh ri h{suhvvlrq +:, zlwk uhvshfw wr  lv
Ch \ ]
C
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Htxdwlrq +;, uhsuhvhqwv d pdwul{ ri glphqvlrq pW{+N .QN,1
Vhwwlqj xs wkh Vhhplqjo| Xquhodwhg Uhjuhvvlrq +htxlydohqw wr wkh txdgudwlf
irup T \ ] , zh jhw=
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Wr rewdlq dq h{suhvvlrq lqyroylqj wkh glhuhqfh ri wkh hvwlpdwhg sdudphwhu
iurp lwv wuxh phdq zh xvh wkh Wd|oru vhulhv h{sdqvlrq=
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zkhuh  lv wkh wuxh ydoxh dqg a \)] lv wkh hvwlpdwhg ydoxh ri wkh sdudphwhu rq
wkh edvlv ri vhohfwlrq D P 1 Uh0duudqjlqj jlyhv=



































dqg zh xvh wkh irupxod iru wkh sduwlwlrqhg lqyhuvh wr rewdlq wkh uhtxluhg
eorfnv
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Vr fdofxodwlqj wkh eorfnv ri wkh lqyhuvh pdwul{ wkdw zh qhhg wr surfhhg zlwk
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Htxdwlrq +46, wkhq ehfrphv=
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dqg frqvlghulqj wkh ulvn suhplxp sdudphwhu rqo| zh jhw=
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U$U wkh h{suhvvlrq ehfrphv=
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dqg diwhu shuiruplqj wkh dojheud zh hqg xs zlwk d vlplodu h{suhvvlrq
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Wkh h{suhvvlrq iru wkh yduldqfh0fryduldqfh pdwul{ ri wkh ulvn suhplxp yhfwru
hvwlpdwhg xvlqj wkh vhohfwlrq pdwul{ D P lv=
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Wkh h{suhvvlrq iru wkh fryduldqfh ehwzhhq glhuhqw hvwlpdwhv ri wkh yhfwru
ri ulvn suhpld lv=
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@ 4 vlqfh wkh idfwruv kdyh vdpsoh phdqv htxdo
wr }hur/ wkh h{suhvvlrq vlpsolhv wr=
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Dqwrqlrx/ D1/ Jduuhww/ L1/ dqg Sulhvwoh|/ U1 +4<<;, *Pdfurhfrqrplf yduldeohv dv
frpprq shuydvlyh ulvn idfwruv dqg wkh hpslulfdo frqwhqw ri wkh duelwudjh sulflqj
wkhru|*/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ 4<<;/ 5540573
Ehhqvwrfn/ P1/ dqg Fkdq/ N1 +4<;;, *Hfrqrplf irufhv lq wkh Orqgrq vwrfn
pdunhw*/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 83 +4,/ 5:06<
Fdpsehoo/ M1 \1 +4<<<, *Dvvhw sulfhv/ frqvxpswlrq dqg wkh exvlqhvv f|foh*/
lq Mrkq Wd|oru dqg Plfkdho Zrrgirug hgv1 Kdqgerrn ri Pdfurhfrqrplfv/ Yro1
4 +Qruwk0Kroodqg/ Dpvwhugdp,
Fkhq/ Q1 I1/ Uroo/ U1/ dqg Urvv/ V1 D1 +4<;9, *Hfrqrplf irufhv dqg wkh vwrfn
pdunhw*/ Mrxuqdo ri Exvlqhvv/ Yro1 8</ qr1 6/ 6;60736
Foduh/ D1 G1/ dqg Wkrpdv/ V1 K1 +4<<7, *Pdfurhfrqrplf idfwruv/ wkh DSW
dqg wkh XN vwrfn pdunhw*/ Mrxuqdo ri Exvlqhvv Ilqdqfh dqg Dffrxqwlqj/ 54+6,/
Dsulo/ 63<0663
Frfkudqh/ M1 K1 +4<<<, *Qhz idfwv lq qdqfh*/ Hfrqrplf Shuvshfwlyhv Ihghudo
Uhvhuyh Edqn ri Fklfdjr 56/ 6908;
Idpd/ H1I1/ dqg PfEhwk/ M1G1 +4<:6,/ *Ulvn/ uhwxuq dqg htxloleulxp= hp0
slulfdo whvwv*/ Mrxuqdo ri Srolwlfdo Hfrqrp| :4/ 93:0969
Jdoodqw/ D1U1 +4<:8, *Vhhplqjo| xquhodwhg qrqolqhdu uhjuhvvlrqv*/ Mrxuqdo ri
Hfrqrphwulfv/ 6/ 68083
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Jdoodqw/ D1U1 +4<;:, *Qrqolqhdu vwdwlvwlfdo prghov*/ Zloh|/ Qhz \run
PfHour|/ P1 E1/ dqg Exuphlvwhu/ H1 +4<;;, *Duelwudjh Sulflqj Wkhru| dv d
Uhvwulfwhg Qrqolqhdu Pxowlyduldwh Uhjuhvvlrq Prgho*/ Mrxuqdo ri Exvlqhvv dqg
Hfrqrplf Vwdwlvwlfv/ Mdqxdu|/ Yro1 9/ Qr1 4/ 5<075
PfHour|/ P1 E1/ dqg Exuphlvwhu/ H1 +4<;;, *Mrlqw Hvwlpdwlrq ri Idfwru Vhqvl0
wlylwlhv dqg Ulvn Suhpld iru wkh Duelwudjh Sulflqj Wkhru|*/ Mrxuqdo ri Ilqdqfh/
:540:68
PfHour|/ P1 E1/ Exuphlvwhu/ H1/ dqg Zdoo/ N1G1 +4<;8, *Wzr hvwlpdwruv iru
wkh DSW prgho zkhq idfwruv duh phdvxuhg*/ Hfrqrplfv Ohwwhuv 4</ 5:405:8
Phuwrq/ U1 F1 +4<:4d, *Rswlpxp frqvxpswlrq dqg sruwirolr uxohv lq d frq0
wlqxrxv wlph prgho*/ Mrxuqdo ri Hfrqrplf Wkhru| LLL/ 6:60746
Phuwrq/ U1 F1 +4<:4e, *Dq lqwhuwhpsrudo fdslwdo dvvhw sulflqj prgho*/ Hfrqr0
phwulfd 74/ ;9:0;;:
Srrq/ V1/ dqg Wd|oru/ M1 +4<<4, *Pdfurhfrqrplf idfwruv dqg wkh XN vwrfn
pdunhw*/ Mrxuqdo ri Exvlqhvv Ilqdqfh dqg Dffrxqwlqj/ 4;+8,/ Vhswhpehu/ 94<0
969
Urvv/ V1 D1 +4<:9, *Wkh Duelwudjh Wkhru| ri Fdslwdo Dvvhw Sulflqj*/ Mrxuqdo
ri Hfrqrplf Wkhru| 46/ 6740693
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Wdeoh 4= Phdqv dqg vwdqgdug ghyldwlrqv iru wkh idfwruv
Phdq Vwg1 ghy1
Lqgxvwuldo surgxfwlrq 0313334 3133:8
Lqdwlrq 3133336 313358
Pdunhw ulvn suhplxp 0313345 313689
Whup vwuxfwxuh 313386 313634
Wdeoh 5= Fruuhodwlrq vwuxfwxuh ri pdfurhfrqrplf idfwruv
Lqg1 Surg1 Lq1 Pnw1 ulvn suhp1 Whup vwu1
Lqgxvwuldo surgxfwlrq 4133
Lqdwlrq 316: 4133
Pdunhw ulvn suhplxp 3135 3135 4133
Whup vwuxfwxuh 0313: 0313< 313; 4133
Wdeoh 6= XN ulvn suhpld zlwk uhvshfw wr XN pdfurhfrqrplf ulvn idfwruv
PS LU US WV
Vdpsoh 4 ulvn suhpld 031334: 031333< 0313357 31339:
w0vwdwlvwlf 0514586 061955< 041799; 519:9<
Vdpsoh 5 ulvn suhpld 0313349 313353 313366 0313347
w0vwdwlvwlf 041;:85 91<6<6 51373< 031894:
Vdpsoh 6 ulvn suhpld 31337; 031334< 031344: 313464
w0vwdwlvwlf 91:86< 0:153<; 081:7:5 8139<<
Vdpsoh 7 ulvn suhpld 0313437 3133335 313398 03134;8
w0vwdwlvwlf 0;1:6;5 31394: 61:7;; 09166<5
Frpelqhg plqlpxp yduldqfh
ulvn suhpld
03133343 0313335: 313338; 031333:4
w0vwdwlvwlf 0315388 0513<58 31857< 0317:73
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Wdeoh 7= XN vljq0frqvlvwhqw ulvn suhpld zlwk uhvshfw wr XN pdfurhfrqrplf ulvn
idfwruv
PS LU US WV
Vdpsoh 5 ulvn suhpld 0 313353 313366 0313347
w0vwdwlvwlf 0 91<6<6 51373< 031894:
Vdpsoh 6 ulvn suhpld 31337; 0 0 0
w0vwdwlvwlf 91:86< 0 0 0
Vdpsoh 7 ulvn suhpld 0 3133335 313398 03134;8
w0vwdwlvwlf 0 31394: 61:7;; 09166<5
Frpelqhg plqlpxp yduldqfh
ulvn suhpld
31337; 313344 31337; 03133;<
w0vwdwlvwlf 91:86< 815578 6195:< 071:7<9
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